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A test of quantum mechanics proposed by K. Popper and dealing with two-
particle entangled states emitted from a fixed source has been criticized by
several authors. Some of them claim that the test becomes inconclusive once
all the quantum aspects of the source are considered. Moreover, another criti-
cism states that the predictions attributed to quantum mechanics in Popper’s
analysis are untenable. We reconsider these criticisms and show that, to a
large extend, the ‘falsifiability’ potential of the test remains unaffected.
1 Introduction
Heisenberg’s principle is the key feature of quantum mechanics [1] and plays
the central role in many relevant discussions concerning counterintuitive quan-
tum phenomena. This is particularly true when applied to composite quantum
systems consisting of two-particle entangled states. A well known case is the
Einstein-Podolsky-Rosen paradox which appeared in 1935 short after a pre-
liminary and lesser known proposal by Karl Popper [2]. The latter “Popper’s
test” of quantum mechanics has been subsequently reformulated and improved
by Popper himself [2]–[5], and reconsidered by several authors [6]–[12]. A look
at the most recent of these papers shows that the controversy is still open. In
the present note we attempt to clarify some points of such a basic issue.
Following Popper [5], we consider a source S decaying symmetrically into
pairs of photons or equal-mass particles. In their center-of-mass frame, the
two particles of each pair are assumed to be simultaneously emitted from the
origin and to travel in opposite directions. Assume, for concreteness, that their
trajectories are contained in the plane defined by the horizontal x-axis and
the vertical y-axis. Two vertical screens are symmetrically placed at equal dis-
tances d, left (L) and right (R) of the source, thus intersecting perpendicularly
the horizontal axis at x = ±d. The left and right screens have sL- and sR-wide
slits centered around the horizontal axis at x = −d and x = +d, respectively.
Some pairs of the emitted particles will then pass through the slits and will
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trigger coincidence detectors placed far away3 and completely covering the
vertical space behind each slit. The vertical y-component of the momentum
of the left- and right-moving particles, (k1)y ≡ k1 and (k2)y ≡ k2, can thus be
measured with this experimental setup. The other, non-vertical components
of k1 and k2 play a secondary role and the discussion thus centers on how the
observed distributions for k1 and k2 depend on the slit widths, sL and sR. As-
sume, for instance, that one measures the k1 and k2 distributions for particle
pairs with both members passing through equal-width slits, sL = sR = 2a.
Since this amounts to position measurements with ∆y1,2 ≃ a, from diffraction
theory or Heisenberg’s principle one expects ∆k1,2 ≃ 1/2a for the dispersion
of the vertical momenta behind each slit. According to Popper’s proposal, by
two suitable modifications of the previous setup one can experimentally dis-
criminate between his own (propensity) interpretation of quantum mechanics
and Copenhagen’s orthodoxy [5].
A first possibility —case (i)— consists in considering what happens to
∆k2 when one runs the experiment with the same sL = 2a as before but
with a much wider sR, sR ≫ 2a. Note that one still performs a position
measurement with ∆y1 ≃ a on the particle passing through the left-side slit
and that, because of the entanglement, the right-moving particle has then
to be in a state with ∆y2 ≃ a when it passes through the vertical plane
at x = +d. According to Popper [5], quantum mechanics predicts the same
∆k2 ≃ 1/2a as before, whereas his own (propensity) approach predicts the
disappearance of such a dispersion in ∆k2. Moreover —case (ii)— one can
then narrow the left-slit width sL while maintaining the same wide and fixed
sR ≫ 2a, as before. According to quantum mechanics this narrowing of sL
implies larger values for ∆k2 ≃ 1/2a, while the opposite is expected from
Popper’s approach [5].
The proposal summarized in the previous two paragraphs —a crucial ex-
periment, according to Popper— has however been criticized by several au-
thors. All these criticisms are based on the fact that the source S cannot be
exactly localized at the origin and perfectly at rest, as required to argue that
the two entangled final particles separate from the origin strictly with oppo-
site momenta. The undecayed source itself or, better, the global two-particle
final system has to obey Heisenberg’s principle and, accordingly, the vertical
components of the CM-position, (y1 + y2)/2, and total momentum, k1 + k2,
must satisfy ∆(k1 + k2)∆ [(y1 + y2)/2] ≥ 1/2. Once this constraint is im-
posed, the analyses of Refs. [6, 7] —based on simple and intuitive geometrical
arguments— claim that Popper’s proposal is no longer able to discriminate
between the two approaches. Similarly, the discussion in [11, 12] —based on a
simplified wave function for the two-particle system which obeys Heisenberg’s
principle— claims that for case (ii) standard quantum mechanics predicts no
3These detectors are distributed in slightly different configurations according
to the various authors. If the distance to the slits is large enough, all the various
distributions become equivalent.
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increase of ∆k2 when narrowing the left-side slit. A claim which contradicts
Popper’s original analysis [5] and would make his test inconclusive as well.
We now proceed to discuss that these claims —based on simple geometrical
arguments and a too naive wave function— are not completely justified and
that Popper’s test maintains most of its valuable ‘falsifiability’ potential.
2 Entangled two-particle state
Consider the following wave function describing the behavior of an entangled
two-particle system
Ψ(y1, y2; t) =
∫ ∫
dk1dk2Ψ(k1, k2; t)
eik1y1√
2pi
eik2y2√
2pi
, (1)
where
Ψ(k1, k2; t) =
1√
piσ+σ−
e
− 1
4σ+(t)
2 (k1+k2)
2
e
− 1
4σ−(t)
2 (k1−k2)2
= 1√
piσ+σ−
e
− 14
(
1
σ+(t)
2 +
1
σ−(t)
2
)
(k21+k22)
e
− 14
(
1
σ+(t)
2 − 1σ−(t)2
)
2k1k2
,
(2)
1
σ±(t)2
≡ 1
σ2
±
+i t
m
accounts for the time evolution along the relevant, vertical y-
axis, andm is the mass of each particle. Here and in what follows, integrations
extend from −∞ to +∞ unless otherwise is stated.
Note that for the global system we have chosen a Gaussian wave packet
[1] with ∆(k1 + k2) = σ+. This allows for analytical computations and at
the decay time, t = 0, one has ∆(k1 + k2)∆ [(y1 + y2)/2] = 1/2, which is
the minimum value compatible with Heisenberg’s principle; in this sense, our
state is the closest quantum analog to Popper’s original proposal with a fixed
and well localized source.
Note also that we have similarly chosen a Gaussian packet with ∆|2k1,2| ≃
∆(k1− k2) = σ− to describe the vertical spread of the final momenta. Admit-
tedly, this somehow reduces the generality of our treatment, but our Gaus-
sian choice simplifies the analysis and by no means precludes the discussion of
Popper’s proposal which was intended to be valid for a generic wave packet.
Physically, the momentum distribution is isotropic in s-wave decays, such as
positronium annihilation into two photons; restricting to particles moving in
the xy-plane, the vertical components of their momenta, k1,2, are uniformly
distributed in the range −|k1,2| ≤ k1,2 ≤ +|k1,2|. For vertically polarized
spin-1 states decaying into two spinless particles, as in vector-meson decays
into two pseudoscalar mesons, one has k1,2 = |k1,2| cos θ, where θ is the angle
between k1,2 and the x-axis, and a vertical momentum distribution peaked
around k1,2 = 0. Initial sources of higher spin can lead to distributions with
more pronounced peaks around k1,2 = 0. We can somehow mimic this various
possibilities by a judicious choice of σ− in our Gaussian packet. Note finally
that one has σ− ≫ σ+ for any realistic value of |k1,2|.
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3 Popper’s proposal: case ii)
In order to discuss the standard quantum mechanical prediction for ∆k2 when
the right-side slit is wide open and the width 2a of the left-side screen is
modified, we need to Fourier transform state (2) into
Ψ(y1; k2; t) =
∫
dk1√
2pi
eik1y1
× 1√
piσ+σ−
e
− 14
(
1
σ+(t)
2 +
1
σ−(t)
2
)
(k21+k22)
e
− 14
(
1
σ+(t)
2 − 1σ−(t)2
)
2k1k2
=
√
2√
piσ+σ−
σ+(t)σ−(t)√
σ+(t)2+σ−(t)2
×e−
1
σ+(t)
2+σ−(t)
2 (σ+(t)
2σ−(t)
2y21+k
2
2−i(σ+(t)2−σ−(t)2)y1k2)
.
(3)
From these expressions it is easy to compute the probability for observing the
vertical position of the left-moving particle within the range −a ≤ y1 ≤ +a
allowed by the slit in coincidence with a given value, k2, for the vertical compo-
nent of the momentum of its right-moving partner. The former measurement
requires detecting the left particle behind the slit using, for instance, a single
detector placed on the negative x-axis far left of the slit. The measurement of
the vertical component, k2, of the right-side momentum is achieved thanks to
the distant set of right-side detectors. The quantum mechanical prediction for
the spread of the k2 distribution in these coincidence measurements is then
unambiguous:
(∆k2)
2|a =
∫
dk2k
2
2 |
∫ +a
−a dy1Ψ(y1; k2; t)|2∫
dk2|
∫ +a
−a dy1Ψ(y1; k2; t)|2
. (4)
We can now consider several values of the left-slit width 2a. If this is
infinitely narrow, 2a→ 0 and y1 = 0, one easily finds
(∆k2)
2|a→0 =
σ2+ + σ
2
−
4
1 +
(
2σ+σ−
σ2
+
+σ2
−
)2
σ2+σ
2
−
t2
m2
1 + σ2+σ
2
−
t2
m2
, (5)
which decreases from 14 (σ
2
+ + σ
2
−) at t = 0 to
σ2+σ
2
−
σ2
+
+σ2
−
when t→∞. Note that
these results hold not only for y1 = 0 but also for any other precise localization
(2a→ 0) at a given y1 of the left-moving particle.
We next increase the width of the left-side slit to a value 2a small enough
to allow for an expansion of the y1-Gaussian. Retaining the first three terms
of the expansion, the quantum mechanical prediction for the k2 distribution
turns out to be
(∆k2)
2|a = (∆k2)2|a→0(1− 2a2δ) , (6)
where
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δ =
1
12
(σ2+ − σ2−)2
σ2+ + σ
2
−
1
1 + σ2+σ
2
−
t2
m2
1−
(
2σ+σ−
σ2
+
+σ2
−
)2
σ2+σ
2
−
t2
m2
1 +
(
2σ+σ−
σ2
+
+σ2
−
)2
σ2+σ
2
−
t2
m2
, (7)
which is positive for reasonable values of t and thus (∆k2)
2|a decreases when
increasing the slit-width sL = 2a.
We finally consider the other extreme case a → ∞. From Eq. (4) one
obtains
(∆k2)
2|a→∞ =
σ2+σ
2
−
σ2+ + σ
2
−
, (8)
which is easily seen to be never larger than all the preceding results, Eqs. (5)
and (6).
The predictions quoted in the last three paragraphs fully confirm the quan-
tum mechanical analyses by Popper [3]–[5] on the dependence of ∆k2 on the
left-side slit width 2a. The larger (narrower) this width is chosen, the smaller
(wider) is the k2-dispersion ∆k2. It is easy to see that our treatment allows
to confirm a related analysis by Peres [8] where the single left-side slit is sub-
stituted by a double slit thus producing interference effects on the right-side
in coincidence measurements.
4 Popper’s proposal: case i)
Let us finally move to the other possibility considered by Popper. In this case,
one has to fix the width of left-side slit to sL = 2a and compare the predictions
for ∆k22 when the right-side slit has the same width, sR = sL = 2a, with those
from another setup with a wide open right-slit, sR ≫ sL = 2a. This requires
to perform a second Fourier transform of the state we are dealing with. It
then reads,
Ψ(y1, y2; t) =
σ+(t)σ−(t)√
piσ+σ−
e−
1
4 [(σ+(t)
2+σ−(t)
2)(y21+y
2
2)+(σ+(t)
2−σ−(t)2)2y1y2] . (9)
From this expression it is easy to compute the spreading of the vertical position
of the right-moving particle, ∆y22 |a, when it crosses the vertical plane x = +d
at time t. Simultaneously, its left-side partner passes through the window
−a ≤ y1 ≤ +a allowed by the left-slit and will be detected much later. For
these left-right coincidence detections, one has
(∆y2)
2|a =
∫
dy2y
2
2 |
∫ +a
−a dy1Ψ(y1, y2; t)|2∫
dy2|
∫ +a
−a dy1Ψ(y1, y2; t)|2
. (10)
For a→ 0 one obtains
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(∆y1)
2|a→0 → 0 , (11)
(∆y2)
2|a→0 = 1
σ2+ + σ
2
−
(
1 + σ4+
t2
m2
)(
1 + σ4−
t2
m2
)
1 + σ2+σ
2
−
t2
m2
≥ 0 , (12)
with ∆y22 |a→0 = ∆y21 |a→0 = 0 only if t → 0 and σ± → ∞, i.e., in the case
considered by Popper of a perfectly localized source (σ+ → ∞) and ignoring
the wave packet spreading with t.
For finite but small a one similarly finds
(∆y2)
2|a = (∆y2)2|a→0(1 + 2a2δ′) , (13)
where
δ′ =
σ2+ + σ
2
−
12

2 1 + σ
2
+σ
2
−
t2
m2(
1 + σ4+
t2
m2
) (
1 + σ4−
t2
m2
) − 1 +
(
2σ+σ−
σ2
+
+σ2
−
)2
1 + σ2+σ
2
−
t2
m2

 , (14)
is never negative.
According to the results of the two last paragraphs, the spreading of the
vertical right-side momentum, ∆k2, in coincidence events with a left-side par-
ticle passing through the sL = 2a wide slit, is indeed affected by the physical
presence of an equal 2a-wide slit on the right side. Its presence filters a nar-
rower (in y2) right-moving wave packet and this translates into a ∆k2 which
is larger than in the case of removing (or making sR ≫ 2a for) the right-side
slit. This conclusion is in agreement with the analysis made by Short [10] of
the optical experiment performed by Kim and Shih [9].
5 Conclusions
We have reconsidered Popper’s test using the standard quantum mechani-
cal formalism and, consequently, using a wave packet for the source —or,
equivalently, for the initial two-particle system— which satisfies Heisenberg’s
principle, ∆(k1 + k2)∆ [(y1 + y2)/2] ≥ 1/2. This contrasts with the original
Popper’s proposal involving a fixed source and therefore subjected to the
criticisms raised by several authors [6, 7, 8, 10, 11, 12]. In spite of this and
contrary to the claims of some of these authors [6]–[12], we find that Popper’s
test can be conclusive in that a narrowing of the left-side slit increases ∆k22
of the freely right-moving particle in coincidence detections. In other words,
the qualitative behavior of ∆k22 that Popper attributes to standard quantum
mechanics remains valid with our improved treatment of the initial state. In
agreement with a related analysis by Short [10], we find however that the
other aspect of Popper’s proposal gets modified by our analysis; namely, ∆k22
necessarily increases when a second slit is really and symmetrically inserted
on the right-side of the setup.
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Our analysis shows that, to some extend, Popper’s test can indeed be con-
clusive to discriminate between his own approach and the standard version of
quantum mechanics. The latter turns out to be favored by recent optical ex-
periments, which are somehow related to the original proposal [9, 13, 14, 15].
Quantum non-locality, a key question in all these discussions, is nowadays
firmly established. Recent experiments tend to falsify Popper’s approach but
his understanding of quantum mechanics as early as in 1934 [2] is quite re-
markable.
Note added: After publication of the present paper in the Proceedings of
the Fundamental Physics Meeting “Alberto Galindo” we have received an
improved version of Qureshi’s paper in Ref. [12]. The state discussed in this
new version coincides with our Eqs. (1) and (2) once we define σ2+ = 1/4Ω
2
0
and σ2− = 4σ
2.
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